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Abstract. Let F be a finite field and G = GL(6, F ). In this paper, we

explicitly describe a certain twisted Jacquet module of an irreducible cuspidal

representation of G.

1. Introduction

Let F be a finite field and G = GL(n, F ). Let P be a parabolic subgroup of
G with Levi decomposition P = MN . Let π be any irreducible finite dimensional
complex representation of G and ψ be an irreducible representation of N . Let πN,ψ
be the sum of all irreducible representations of N inside π, on which π acts via the
character ψ. It is easy to see that πN,ψ is a representation of the subgroup Mψ

of M , consisting of those elements in M which leave the isomorphism class of ψ
invariant under the inner conjugation action of M on N . The space πN,ψ is called
the twisted Jacquet module of the representation π. It is an interesting question
to understand for which irreducible representations π, the twisted Jacquet module
πN,ψ is non-zero and to understand its structure as a module for Mψ.

In an earlier work of ours [1], inspired by the work of Prasad in [5], we studied
the structure of a certain twisted Jacquet module of a cuspidal representation of
GL(4, F ). In this paper, we continue our study of the twisted Jacquet module for
a cuspidal representation of GL(6, F ). We refer the reader to Section 1 in [1] for a
more elaborate introduction and the motivation to study the problem.

Before we state our result, we set up some notation. Let G = GL(6, F ) and P
be the maximal parabolic subgroup of G with Levi decomposition P = MN , where
M ' GL(3, F ) × GL(3, F ) and N ' M(3, F ). We write F6 for the unique field
extension of F of degree 6. Let ψ0 be a fixed non-trivial additive character of F .
Let

A =

0 0 1
0 0 0
0 0 0


and ψA : N → C× be the character of N given by

ψA

Åï
1 X
0 1

òã
= ψ0(Tr(AX)). (1.1)

Let HA = M1 ×M2 where M1 is the Mirabolic subgroup of GL(3, F ) and M2 =

w0M
>
1 w
−1
0 where w0 =

0 0 1
0 1 0
1 0 0

. Let U be the subgroup of unipotent matrices
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in GL(6, F ) and UA = U ∩ HA. Clearly, we have UA ' U1 × U2 where U1 and
U2 are the upper triangular unipotent subgroups of GL(3, F ). For k = 1, 2, let
µk : Uk → C× be the non-degenerate character of Uk given by

µk

Ñ1 x12 x13
0 1 x23
0 0 1

é = ψ0(x12 + x23).

Let µ : UA → C× be the character of UA given by

µ(u) = µ1(u1)µ2(u2)

where u =

ï
u1 0
0 u2

ò
.

Theorem 1.1. Let θ be a regular character of F×6 and π = πθ be an irreducible
cuspidal representation of G. Then

πN,ψA ' θ|F× ⊗ indHAUA µ

as MψA modules.

We establish the above isomorphism by explicitly calculating the characters of
πN,ψA and θ|F× ⊗ indHAUA (µ), and showing that they are equal at any arbitrary ele-
ment of MψA .

The calculation of the twisted Jacquet module for GL(4, F ), did not provide
us with much insight to predict the structure of the twisted Jacquet module for
GL(2n, F ). This motivated us to study the problem for GL(6, F ) to get a better
understanding of its structure. Based on our computations in these particular cases,
we formulate the following conjecture for GL(2n, F ).

Let Fn be the unique field extension of F of degree n and let A =

0 · · · 1
... . .

. ...
0 · · · 0

 ∈
M(n, F ). We let HA = M1 ×M2, UA = U1 × U2 where M1,M2, U1, U2 are appro-
priate subgroups of GL(n, F ) as defined earlier.

Conjecture 1.2. Let θ be a regular character of F×n and π = πθ be an irreducible
cuspidal representation of G. Then

πN,ψA ' θ|F× ⊗ indHAUA µ

as MψA modules.

The calculations involved in the GL(6, F ) case are much more involved than in
the case of GL(4, F ) and we hope that some of these calculations may be useful
in the general case. It is also an interesting problem to study the structure of
πN,ψA in the case when the finite field is replaced with a p-adic field. Our hope is
that understanding the problem completely for the finite group case might help in
understanding the problem in the p-adic case. We hope to study these problems in
future.

2. Preliminaries

In this section, we mention some preliminary results that we need in our paper.
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2.1. Character of a Cuspidal Representation. Let F be the finite field of order
q and G = GL(m,F ). Let Fm be the unique field extension of F of degree m. A
character θ of F×m is called a “regular” character, if under the action of the Galois
group of Fm over F , θ gives rise to m distinct characters of F×m . It is a well known
fact that the cuspidal representations of GL(m,F ) are parametrized by the regular
characters of F×m . To avoid introducing more notation, we mention below only the
relevant statements on computing the character values that we have used. We refer
the reader to Section 6 in [3] for more precise statements on computing character
values.

Theorem 2.1. Let θ be a regular character of F×m . Let π = πθ be an irreducible
cuspidal representation of GL(m,F ) associated to θ. Let Θθ be its character. If
g ∈ GL(m,F ) is such that the characteristic polynomial of g is not a power of a
polynomial irreducible over F . Then, we have

Θθ(g) = 0.

Theorem 2.2. Let θ be a regular character of F×m . Let π = πθ be an irreducible
cuspidal representation of GL(m,F ) associated to θ. Let Θθ be its character. Sup-
pose that g = s.u is the Jordan decomposition of an element g in GL(m,F ). If
Θθ(g) 6= 0, then the semisimple element s must come from F×m . Suppose that s
comes from F×m . Let z be an eigenvalue of s in Fm and let t be the dimension of
the kernel of g − z over Fm. Then

Θθ(g) = (−1)m−1
ï d−1∑
α=0

θ(zq
α

)

ò
(1− qd)(1− (qd)2) · · · (1− (qd)t−1).

where qd is the cardinality of the field generated by z over F , and the summation
is over the distinct Galois conjugates of z.

See Theorem 2 in [5] for this version.

2.2. Twisted Jacquet Module. In this section, we recall the character and the
dimension formula of the twisted Jacquet module of a representation π.

Let G = GL(k, F ) and P = MN be a parabolic subgroup of G. Let ψ be a
character of N . For m ∈ M , let ψm be the character of N defined by ψm(n) =
ψ(mnm−1). Let

V (N,ψ) = SpanC{π(n)v − ψ(n)v | n ∈ N, v ∈ V }
and

Mψ = {m ∈M | ψm(n) = ψ(n),∀n ∈ N}.
Clearly, Mψ is a subgroup of M and it is easy to see that V (N,ψ) is an Mψ-invariant
subspace of V . Hence, we get a representation (πN,ψ, V/V (N,ψ)) of Mψ. We call
(πN,ψ, V/V (N,ψ)) the twisted Jacquet module of π with respect to ψ. We write
ΘN,ψ for the character of πN,ψ.

Proposition 2.3. Let (π, V ) be a representation of GL(k, F ) and Θπ be the char-
acter of π. We have

ΘN,ψ(m) =
1

|N |
∑
n∈N

Θπ(mn)ψ(n).

We refer the reader to Proposition 2.3 in [1] for a proof.

Remark 2.4. Taking m = 1, we get the dimension of πN,ψ. To be precise, we have

dimC(πN,ψ) =
1

|N |
∑
n∈N

Θπ(n)ψ(n).

3



2.3. Character of the induced representation. In this section, we recall the
character formula for the induced representation of a group G. For a proof, we refer
the reader to Chapter 3, Theorem 12 in [6].

Proposition 2.5. Let G be a finite group and H be a subgroup of G. Let (π, V )
be a representation of H and χπ be the character of π. Then for each s ∈ G, the
character of indGH(π) is given by

χindGH(π)(s) =
1

|H|
∑
t∈G

t−1st∈H

χπ(t−1st).

3. Dimension of the Twisted Jacquet Module

Let π = πθ be an irreducible cuspidal representation of G corresponding to
the regular character θ of F×6 and Θθ be its character. Throughout, we write
M(n,m, r, q) for the set of n×m matrices of rank r over the finite field F = Fq. In
this section, we calculate the dimension of πN,ψA . Before we continue, we record
some preliminary lemmas that we need.

Lemma 3.1. Let r ∈ {0, 1, 2, 3} and X ∈ M(3, 3, r, q). We have

Θθ

Åï
1 X
0 1

òã
=


(q − 1)(q2 − 1)(q3 − 1)(q4 − 1)(q5 − 1), if r=0

−(q − 1)(q2 − 1)(q3 − 1)(q4 − 1), if r=1

(q − 1)(q2 − 1)(q3 − 1), if r=2

−(q − 1)(q2 − 1), if r=3

Proof. The result follows from Theorem 2.2 above.
�

Let

X =

a d g
b e h
c f k

 , A =

1 0 0
0 0 0
0 0 0

 , AX =

a d g
0 0 0
0 0 0

 .
For α ∈ F and r ∈ {0, 1, 2, 3}, consider the subset Y α3,r of M(3, F ) given by

Y α3,r = {X ∈ M(3, F ) | Rank(X) = r,Tr(AX) = α}.

Lemma 3.2. Let r ∈ {1, 2, 3} and α, β ∈ F×. Then we have

#Y α3,r = #Y β3,r.

Proof. Consider the map φ : Y α3,r → Y β3,r given by

φ(X) = α−1βX.

Suppose that φ(X) = φ(Y ). Since α−1β 6= 0, it follows that φ is injective. For Y ∈
Y β3,r, let X = αβ−1Y . Clearly, we have Tr(AX) = α and Rank(X) = Rank(Y ) = r.
Thus φ is surjective and hence the result. �

Theorem 3.3. Let θ be a regular character of F×6 and π = πθ be an irreducible
cuspidal representation of GL(6, F ). We have

dimC(πN,ψA) = (q − 1)2(q2 − 1)2.
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Proof. It is easy to see that the dimension of πN,ψA is given by

dimC(πN,ψA) =
1

q9

∑
X∈M(3,F )

Θθ

Åï
1 X
0 1

òã
ψ0(Tr(AX)). (3.1)

We calculate the following sums

a) S1 =
∑

X∈M(3,3,0,q)

Θθ

Åï
1 X
0 1

òã
ψ0(Tr(AX))

b) S2 =
∑

X∈M(3,3,1,q)
Tr(AX)=0

Θθ

Åï
1 X
0 1

òã
ψ0(Tr(AX)) +

∑
X∈M(3,3,1,q)
Tr(AX)=α6=0

Θθ

Åï
1 X
0 1

òã
ψ0(Tr(AX))

c) S3 =
∑

X∈M(3,3,2,q)
Tr(AX)=0

Θθ

Åï
1 X
0 1

òã
ψ0(Tr(AX)) +

∑
X∈M(3,3,2,q)
Tr(AX)=α6=0

Θθ

Åï
1 X
0 1

òã
ψ0(Tr(AX))

d) S4 =
∑

X∈M(3,3,3,q)
Tr(AX)=0

Θθ

Åï
1 X
0 1

òã
ψ0(Tr(AX)) +

∑
X∈M(3,3,3,q)
Tr(AX)=α6=0

Θθ

Åï
1 X
0 1

òã
ψ0(Tr(AX))

separately to compute the dimension of πN,ψA .

For a fixed r ∈ {0, 1, 2, 3} and α ∈ {0, 1}, we find a partition of Y α3,r into certain
subsets, and compute the cardinality of each of these subsets to find the cardinality
of Y α3,r. We record the necessary information in the tables below.

For a), we clearly have

S1 = Θθ

Åï
1 X
0 1

òã
ψ0(0)

= (q − 1)(q2 − 1)(q3 − 1)(q4 − 1)(q5 − 1).

For b), we have

Table 1. Rank(X) = 1

Partition of Y 0
3,1 Cardinality Partition of Y 1

3,1 Cardinality


0 0 0
b λb βb
c λc βc

 (q2 − 1)q2


1 λ β
b λb βb
c λc βc

 q4


0 d λd
0 e λe
0 f λf

 (q3 − 1)q - -


0 0 g
0 0 h
0 0 k

 q3 − 1 - -
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Thus,

S2 = Θθ

Åï
1 X
0 1

òãÜ ∑
X∈M(3,3,1,q)
Tr(AX)=0

ψ0(0) +
∑

X∈M(3,3,1,q)
Tr(AX)=α 6=0

ψ0(α)

ê
= Θθ

Åï
1 X
0 1

òã (
#Y 0

3,1 −#Y 1
3,1

)
= −(q − 1)(q2 − 1)(q3 − 1)(q4 − 1)((q2 − 1)q2 + (q3 − 1)q + (q3 − 1)− q4)

= −(q − 1)2(q2 − 1)2(q8 + 2q7 + 2q6 + q5 − 2q4 − 3q3 − 4q2 − 2q − 1).

For d), we have

Table 2. Rank(X) = 3

Partition of Y 0
3,3 Cardinality Partition of Y 1

3,3 Cardinality


0 d g
b e h
c f k

 (q2 − 1)(q3 − q)(q3 − q2)


1 d g
b e h
c f k

 q2(q3 − q)(q3 − q2)

Thus,

S4 = Θθ

Åï
1 X
0 1

òãÜ ∑
X∈M(3,3,3,q)
Tr(AX)=0

ψ0(0) +
∑

X∈M(3,3,3,q)
Tr(AX)=α6=0

ψ0(α)

ê
= Θθ

Åï
1 X
0 1

òã (
#Y 0

3,3 −#Y 1
3,3

)
= −(q − 1)(q2 − 1)((q2 − 1)(q3 − q)(q3 − q2)− q2(q3 − q)(q3 − q2))

= (q − 1)2(q2 − 1)2q3.

For c), we let X ′ =

ï
e h
f k

ò
. For α ∈ {0, 1}, we partition the set Y α3,2 accord-

ing to the rank of X ′ and count the cardinalities of each of these subsets. For
Rank(X ′) ∈ {0, 1, 2} and α ∈ {0, 1} and we record the cardinality of such subsets
of Y α3,2 in the following tables.

Table 3. Rank(X) = 2,Rank(X ′) = 0
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Partition of Y 0
3,2 Cardinality Partition of Y 1

3,2 Cardinality

B1 =


0 d g
b 0 0
c 0 0

 ∣∣∣∣∣∣ (d, g) 6= (0, 0)

 (q2 − 1)2 B2 =


1 d g
b 0 0
c 0 0

 ∣∣∣∣∣∣ (d, g) 6= (0, 0)

 (q2 − 1)2

Table 4. Rank(X) = 2,Rank(X ′) = 2

Partition of Y 0
3,2 Cardinality Partition of Y 1

3,2 Cardinality

C1 =


 0 0 0
λe+ βh e h
λf + βk f k

 (q2 − 1)(q2 − q)(q2) C4 =


 1 d 0

d−1e+ βh e h

d−1f + βk f k

 ,
 1 0 g

λe+ g−1h e h

λf + g−1k f k

 2(q2 − 1)(q2 − q)2

C2 =


 0 d 0
βh e h
βk f k

 ,
 0 0 g
βe e h
βf f k

 2(q2 − 1)(q2 − q)2 C5 =


 1 d g

d−1(1− βg)e+ βh e h

d−1(1− βg)f + βk f k

 (q2 − 1)(q3 − q2)(q − 1)2

C3 =


 0 d g

β(−gd−1e+ h) e h

β(−gd−1f + k) f k

 (q2 − 1)(q2 − q)2(q − 1) - -

Table 5. Rank(X) = 2,Rank(X ′) = 1

Partition of Y 0
3,2 Cardinality Partition of Y 1

3,2 Cardinality

E1 =


0 0 0
b e 0
c f 0

 ,
0 0 0
b 0 h
c 0 k

 2(q2 − 1)(q2 − q) F1 =


1 0 0
b 0 h
c 0 k

 ,
1 0 0
b e 0
c f 0

 2(q2 − 1)q2

E2 =


0 d 0
b e 0
c f 0

 ,
0 0 g
b 0 h
c 0 k

 2(q2 − 1)2(q − 1) F2 =


 1 d 0
βh 0 h
βk 0 k

 ,
 1 0 g
βe e 0
βf f 0

 2(q2 − 1)(q2 − q)

E3∗ =


 0 0 g
λe e 0
λf f 0

 ,
 0 d 0
λh 0 h
λk 0 k

 2(q2 − 1)(q2 − q) F3 =


1 0 g
b 0 h
c 0 k

 ∣∣∣∣∣∣ (b, c) 6= (g−1h, g−1k)

 ∪

1 d 0
b e 0
c f 0

 ∣∣∣∣∣∣ (b, c) 6= (d−1e, d−1f)

 2(q2 − 1)2(q − 1)

E4 =


 0 d g

−d−1βge e 0

−d−1βgf f 0

 ,
 0 d g

−g−1βdh 0 h

−g−1βdk 0 k

 2(q3 − q)(q − 1)2 F4 =


 1 d g
βh 0 h
βk 0 k

 ,
 1 d g
βe e 0
βf f 0

 2q(q2 − 1)(q − 1)2

E5 =


0 0 0
b λh h
c λk k

 ∣∣∣∣∣∣λ 6= 0

 (q2 − 1)(q − 1)(q2 − q) F5 =


1 0 0
b e λe
c f λf

 ∣∣∣∣∣∣λ 6= 0

 (q2 − 1)q2(q − 1)

E6 =


 0 d 0
βh λh h
βk λk k

 ,
 0 0 g
βh λh h
βk λk k

 ∣∣∣∣∣∣λ 6= 0

 2q(q2 − 1)(q − 1)2 F6 =


 1 d 0

d−1e+ βλe e λe

d−1f + βλf f λf

 ,
 1 0 g

δe+ g−1λe e λe

δf + g−1λf f λf

 ∣∣∣∣∣∣λ 6= 0

 2q(q2 − 1)(q − 1)2

E7 =


 0 d g

−d−1βgλh+ βh λh h

−d−1βgλk + βk λk k

 | d 6= λg, λ 6= 0

 (q2 − 1)(q − 1)2(q2 − 2q) F7 =


 1 d g

d−1(1− βg)e+ βλe e λe

d−1(1− βg)f + βλf f λf

 ∣∣∣∣∣∣ g 6= λd, λ 6= 0

 (q2 − 1)(q − 1)2(q2 − 2q)

E8 =


0 λg g
b λh h
c λk k

λ 6= 0

 (q2 − 1)2(q − 1)2 F8 =


1 d λd
b e λe
c f λf

 ∣∣∣∣∣∣λ 6= 0

 (q2 − 1)2(q − 1)2

We have,

Y 0
3,2 = B1

3⊔
i=1

Ci

8⊔
j=1

Ej

and

Y 1
3,2 = B2

5⊔
i=4

Ci

8⊔
j=1

Fj .
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Thus,

S3 = Θθ

Åï
1 X
0 1

òãÜ ∑
X∈M(3,3,2,q)
Tr(AX)=0

ψ0(0) +
∑

X∈M(3,3,2,q)
Tr(AX)=α6=0

ψ0(α)

ê
= Θθ

Åï
1 X
0 1

òã (
#Y 0

3,2 −#Y 1
3,2

)
= (q − 1)(q2 − 1)(q3 − 1)(q6 − q5 − 2q4 + q2 + q)

= (q − 1)2(q2 − 1)2(q6 − q4 − 3q3 − 2q2 − q).

From (3.1), it follows that

dimC(πN,ψA) =
1

q9
{S1 + S2 + S3 + S4]}

=
1

q9
(q − 1)2(q2 − 1)2q9

= (q − 1)2(q2 − 1)2.

�

Remark 3.4. Suppose that B = Aw0. It is easy to see that ΘN,ψA

Åï
m1 0
0 m2

òã
=

ΘN,ψB

Åï
w0m1w0 0

0 m2

òã
. Thus we have that dim(πN,ψA) = dim(πN,ψB ).

4. Main Theorem

In this section, we prove the main result of this paper. Hereafter, we take

A =

0 0 1
0 0 0
0 0 0

 .
For the sake of completeness, we recall the statement below.

Theorem 4.1. Let θ be a regular character of F×6 and π = πθ be an irreducible
cuspidal representation of G. Then

πN,ψA ' θ|F× ⊗ indHAUA µ

as MψA modules.

The key idea of the proof is to compute the characters of the representations
ρ = θ|F× ⊗ indHAUA µ and πN,ψA and show that they are equal at any arbitrary
element in MψA . Before we continue, we set up some notation and record a few
lemmas that we need.

Lemma 4.2. Let MψA = {m ∈M | ψmA (n) = ψA(n),∀n ∈ N}. Then we have

MψA =




a11 a12 a13
a21 a22 a23
0 0 a

a y12 y13
0 y22 y23
0 y32 y33

 | a ∈ F
×


.
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Proof. Let g =

ï
g1 0
0 g2

ò
∈M . Then g ∈MψA if and only if Ag1 = g2A. It follows

that g ∈MψA if and only if g1 =

a11 a12 a13
a21 a22 a23
0 0 a

 and g2 =

a y12 y13
0 y22 y23
0 y32 y33

. �

Lemma 4.3. Let Z = Z(G) be the center of G. Then, we have

MψA ' Z ×HA.

Proof. Trivial. �

4.1. Character computation for ρ. Let ρ1 = indM1

U1
µ1 and ρ2 = indM2

U2
µ2. In

this section, we calculate the character of the representation

ρ = θ|F× ⊗ indHAUA µ ' θ|F× ⊗ (ρ1 ⊗ ρ2).

4.1.1. Character computation of ρ1. Let µ1 be same as above. Consider the repre-
sentation

ρ1 = indM1

U1
µ1

of M1. Let χρ1 be the character of ρ1. Let

S1 =


a 0 0

0 b 0
0 0 1

 | a, b ∈ F×


and

S2 =


p q 0
r 0 0
0 0 1

 | p ∈ F, q, r ∈ F×
 .

It is easy to see that S = S1 ∪ S2 is a set of left coset representatives of U1 in M1.

Lemma 4.4. Let

m =

a11 a12 a13
a21 a22 a23
0 0 1

 ∈M1, t =

a 0 0
0 b 0
0 0 1

 ∈ S1

Then, t−1mt ∈ U1 if and only if a11 = a22 = 1 and a21 = 0. In particular, for
m ∈M1 with a11 = a22 = 1 and a21 = 0, we have∑

t∈S1

µ1(t−1mt) =
∑

a,b∈F×
ψ0(a−1ba12 + b−1a23).

Proof. For m ∈M1 and t ∈ S1, we have

t−1mt =

 a11 a−1ba12 a−1a13
b−1aa21 a22 b−1a23

0 0 1

 .
Thus it follows that t−1mt ∈ U1 if and only if a11 = a22 = 1 and a21 = 0. Clearly,
we have ∑

t∈S1

µ1(t−1mt) =
∑

a,b∈F×
ψ0(a−1ba12 + b−1a23).

Hence the result. �

Lemma 4.5. Let

m =

a11 a12 a13
a21 a22 a23
0 0 1

 ∈M1 and t =

p q 0
r 0 0
0 0 1

 ∈ S2.
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Suppose that a21 = 0. Then,

t−1mt ∈ U1 if and only if a11 = a22 = 1 and a12 = 0.

In particular, for m ∈M1 with a11 = a22 = 1 and a21 = a12 = 0, we have∑
t∈S2

µ1(t−1mt) =
∑
p∈F

r,q∈F×

ψ0(−pq−1r−1a23 + q−1a13).

Proof. Let m ∈M1 and t ∈ S2. If a21 = 0, we have,

t−1mt =

 a22 0 r−1a23
pq−1(a11 − a22) + rq−1a12 a11 q−1a13 − pq−1r−1a23

0 0 1

 .
Then, t−1mt ∈ U1 if and only if a22 = a11 = 1 and a12 = 0. Clearly, we have∑

t∈S2

µ1(t−1mt) =
∑
p∈F

r,q∈F×

ψ0(−pq−1r−1a23 + q−1a13).

Hence the result. �

Lemma 4.6. Let

m =

a11 a12 a13
a21 a22 a23
0 0 1

 ∈M1 and t =

p q 0
r 0 0
0 0 1

 ∈ S2.

Suppose that a21 6= 0.

a) If p = 0, then t−1mt ∈ U1 if and only if a11 = a22 = 1 and a12 = 0. In
particular, we have∑

t∈S2

µ1(t−1mt) =
∑

r,q∈F×
ψ0(qr−1a21 + q−1a13).

b) If p 6= 0, then t−1mt ∈ U1 if and only if a11 + a22 = 2, a12 = −(a11−1)2
a21

and

r =
(
pa21
a11−1

)
. In particular, we have∑
t∈S2

µ1(t−1mt) = −
∑
q∈F×

ψ0(q−1(−δ + a13)),

where δ = a−121 a23(a11 − 1).

Proof. Let

m =

a11 a12 a13
a21 a22 a23
0 0 1

 ∈M1

and suppose that a21 6= 0. In case a), since p = 0, we have

t−1mt =

 a22 qr−1a21 r−1a23
rq−1a12 a11 q−1a13

0 0 1

 .
Thus it follows that t−1mt ∈ U1 if and only if a22 = a11 = 1 and a12 = 0. In
particular, we have∑

t∈S2

µ1(t−1mt) =
∑

r,q∈F×
ψ0(qr−1a21 + q−1a13).

10



In case b), since p 6= 0, we have

t−1mt =

 a22 + pr−1a21 qr−1a21 r−1a23
pq−1(a11 − a22) + rq−1a12 − p2q−1r−1a21 a11 − pr−1a21 q−1a13 − pq−1r−1a23

0 0 1

 .
Clearly, we have t−1mt ∈ U1 if and only if a11 = 1 + pr−1a21, a22 = 1 − pr−1a21
and pq−1(a11 − a22) + rq−1a12 − p2q−1r−1a21 = 0. Using a11 − a22 = 2pr−1a21,

a11 + a22 = 2 and det(t−1mt) = 1, it follows that a12 = −(a11−1)2
a21

and r =
(
pa21
a11−1

)
.

In particular, taking δ = a−121 a23(a11 − 1) we have∑
t∈S2

µ1(t−1mt) = −
∑
q∈F×

ψ0(q−1(−a21−1a23(a11 − 1) + a13))

= −
∑
q∈F×

ψ0(q−1(−δ + a13)).

Hence the result. �

We summarize the character values of ρ1 in the table below.

Table 6. Character of ρ1

Type of m m χρ1 (m) Type of m m χρ1 (m)

Type-1


1 a12 a13
0 1 0
0 0 1

 ∣∣∣∣∣∣ a12 ∈ F×
 (1− q) Type-6


1 0 a13
0 1 a23
0 0 1

 ∣∣∣∣∣∣ a13, a23 ∈ F×
 (1− q)

Type-2


1 a12 a13
0 1 a23
0 0 1

 ∣∣∣∣∣∣ a12, a23 ∈ F×
 1 Type-7


 1 0 0
a21 1 a23
0 0 1

 ∣∣∣∣∣∣ a21 ∈ F×
 (1− q)

Type-3


1 0 0
0 1 a23
0 0 1

 ∣∣∣∣∣∣ a23 ∈ F×
 (1− q) Type-8


 1 0 a13
a21 1 a23
0 0 1

 ∣∣∣∣∣∣ a21, a13 ∈ F×
 1

Type-4


1 0 0
0 1 0
0 0 1

 (1− q)(1− q2) Type-9


a11 a12 a13
a21 a22 a23
0 0 1

 ∣∣∣∣∣∣
a21∈F

×, a13=δ

a12 = −a21−1(a11 − 1)2

 (1− q)

Type-5


1 0 a13
0 1 0
0 0 1

 ∣∣∣∣∣∣ a13 ∈ F×
 (1− q) Type-10


a11 a12 a13
a21 a22 a23
0 0 1

 ∣∣∣∣∣∣
a21∈F

×, a13 6=δ

a12 = −a21−1(a11 − 1)2

 1

If m ∈M1 is not one of the types mentioned in Table 6, then χρ1(m) = 0.

4.1.2. Character computation of ρ2. Let µ2 be same as above. Consider the repre-
sentation

ρ2 = indM2

U2
µ2

of M2. Let χρ2 be the character of ρ2. Let

S3 =


1 0 0

0 a 0
0 0 b

 | a, b ∈ F×


and

S4 =


1 0 0

0 p q
0 r 0

 | p ∈ F, q, r ∈ F×
 .

It is easy to see that S = S3 ∪ S4 is a set of left coset representatives of U2 in M2.
11



Lemma 4.7. Let

m =

1 y12 y13
0 y22 y23
0 y32 y33

 ∈M2, t =

1 0 0
0 a 0
0 0 b

 ∈ S3.

Then, t−1mt ∈ U2 if and only if y22 = y33 = 1 and y32 = 0. In particular, for
m ∈M2 with y22 = y33 = 1 and y32 = 0, we have∑

t∈S3

µ2(t−1mt) =
∑

a,b∈F×
ψ0(ay12 + ba−1y23).

Proof. Similar to Lemma 4.4. �

Lemma 4.8. Let

m =

1 y12 y13
0 y22 y23
0 y32 y33

 ∈M2 and t =

1 0 0
0 p q
0 r 0

 ∈ S4.

Suppose that y32 = 0. Then,

t−1mt ∈ U2 if and only if y22 = y33 = 1 and y23 = 0.

In particular, for m ∈M2 with y22 = y33 = 1 and y32 = y23 = 0, we have∑
t∈S4

µ2(t−1mt) =
∑
p∈F

r,q∈F×

ψ0(py12 + ry13).

Proof. Similar to Lemma 4.5. �

Lemma 4.9. Let

m =

1 y12 y13
0 y22 y23
0 y32 y33

 ∈M2 and t =

1 0 0
0 p q
0 r 0

 ∈ S4.

Suppose that y32 6= 0.

a) If p = 0, then t−1mt ∈ U2 if and only if y22 = y33 = 1 and y23 = 0. In
particular, we have∑

t∈S4

µ2(t−1mt) =
∑

r,q∈F×
ψ0(qr−1y32 + ry13).

b) If p 6= 0, then t−1mt ∈ U2 if and only if y22 + y33 = 2, y23 = − (y22−1)2
y32

and

r =
Ä
y32p
y22−1

ä
. In particular, we have∑
t∈S4

µ2(t−1mt) = −
∑
p∈F×

ψ0(p(γ + y12)),

where γ = y32y13(y22 − 1)
−1

.

Proof. Similar to Lemma 4.6. �

We record the character values of ρ2 in the following table.

Table 7. Character of ρ2

12



Type of m m χρ2 (m) Type of m m χρ2 (m)

Type-1


1 0 y13
0 1 y23
0 0 1

 ∣∣∣∣∣∣ y23 ∈ F×
 (1− q) Type-6


1 y12 y13
0 1 0
0 0 1

 ∣∣∣∣∣∣ y12, y13 ∈ F×
 (1− q)

Type-2


1 y12 y13
0 1 y23
0 0 1

 ∣∣∣∣∣∣ y12, y23 ∈ F×
 1 Type-7


1 y12 0
0 1 0
0 y32 1

 ∣∣∣∣∣∣ y32 ∈ F×
 (1− q)

Type-3


1 y12 0
0 1 0
0 0 1

 ∣∣∣∣∣∣ y12 ∈ F×
 (1− q) Type-8


1 y12 y13
0 1 0
0 y32 1

 ∣∣∣∣∣∣ y13, y32 ∈ F×
 1

Type-4


1 0 0
0 1 0
0 0 1

 (1− q)(1− q2) Type-9


1 y12 y13
0 y22 y23
0 y32 y33

 ∣∣∣∣∣∣
y32∈F

×, y12=−γ,

y23 = −y32−1(y22 − 1)2

 (1− q)

Type-5


1 0 y13
0 1 0
0 0 1

 ∣∣∣∣∣∣ y13 ∈ F×
 (1− q) Type-10


1 y12 y13
0 y22 y23
0 y32 y33

 ∣∣∣∣∣∣
y32∈F

×, y12 6=−γ,

y23 = −y32−1(y22 − 1)2

 1

If m ∈M2 is not one of the types mentioned above, we have χρ2(m) = 0.

For 1 ≤ i, j ≤ 10, we let

T (i, j) = {k = (m1,m2) ∈ HA | m1 ∈ Type−i,m2 ∈ Type−j}.

Theorem 4.10. Let ρ = θ|F× ⊗ ρ1 ⊗ ρ2. Let χρ be the character of ρ. For
m = (a,m1,m2) ∈ Z ×M1 ×M2, we have

χρ(m) = θ(a)χρ1(m1)χρ2(m2)

where (m1,m2) ∈ T (i, j), i, j ∈ {1, . . . , 10}. Otherwise, χρ(m) = 0.

Proof. We summarize the results from Table (6) and Table (7) below.
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�

5. Character calculation for πN,ψA

Lemma 5.1. Let m = ah ∈MψA , where a ∈ Z and h ∈ HA. Then,

ΘN,ψA(m) = θ(a)ΘN,ψA(h).

Proof. We have

ΘN,ψA(m) = ΘN,ψA(ah)

=
1

|N |
∑
n∈N

Θθ(ahn)ψA(n)

=
1

|N |
∑
n∈N

Tr(π(ahn)ψA(n)

=
1

|N |
∑
n∈N

Tr(π(a)π(hn)ψA(n)

= ωπ(a)
1

|N |
∑
n∈N

Tr(π(hn)ψA(n)

= ωπ(a)ΘN,ψA(h)

where ωπ is the central character of π. Explicitly, we have

Θθ(a) = Tr(π(a)) = Tr(ωπ(a)) = ωπ(a) dim(π).

Using Theorem 2.2, it is easy to see that

Θθ(a) = θ(a) dim(π).

Thus, we have ωπ(a) = θ(a) and the result follows. �

Lemma 5.2. Let τ =

ï
0 w0

w0 0

ò
. For 1 ≤ i, j ≤ 10, we have

T (j, i) = τT (i, j)
>
τ−1.

Proof. Trivial. �

Theorem 5.3. Let m′ ∈ T (j, i). Then there exists m ∈ T (i, j) such that

ΘN,ψA(m) = ΘN,ψA(m′).

Proof. Let m′ =

ï
m′1 0
0 m′2

ò
∈ T (j, i). Since T (j, i) = τT (i, j)>τ−1, it follows that,

m′ = τm>τ−1

for some m =

ï
m1 0
0 m2

ò
∈ T (i, j). Thus we have m′1 = w0m2

>w0
−1 and m′2 =

w0m1
>w0

−1. Since m′1 ∈M1, clearly ψA(X) = ψA((w0m2
>w0)−1X). We have

ΘN,ψA(m′) =
1

|N |
∑

X∈M(3,F )

Θθ

ï
w0m2

>w0
−1 X

0 w0m1
>w0

−1

ò
ψA(X)

=
1

|N |
∑

X∈M(3,F )

Θθ

Åï
w0 0
0 w0

ò ï
m2
> w0

−1Xw0

0 m1
>

ò ï
w0 0
0 w0

òã
ψA(X)

=
1

|N |
∑

X∈M(3,F )

Θθ

Åï
m2
> w0

−1Xw0

0 m1
>

òã
ψA(X).
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On the other hand, using Tr(A(w0
−1X>w0)) = Tr(AX) we have

ΘN,ψA(m) =
1

|N |
∑

X∈M(3,F )

Θθ

ï
m1 X
0 m2

ò
ψA(X)

=
1

|N |
∑

X∈M(3,F )

Θθ

ï
m1 X>

0 m2

ò
ψA(X>)

=
1

|N |
∑

X∈M(3,F )

Θθ

ï
m1 w0

−1X>w0

0 m2

ò
ψA(w0

−1X>w0).

=
1

|N |
∑

X∈M(3,F )

Θθ

ï
m1 w0

−1X>w0

0 m2

ò
ψA(X).

Since

Rank

Åï
m2
> − 1 w−10 Xw0

0 m1
> − 1

òã
= Rank

Åï
m2 − 1 0

w−10 X>w0 m1 − 1

òã
= Rank

Åï
0 1
1 0

ò ï
m2 − 1 0

w−10 X>w0 m1 − 1

ò ï
0 1
1 0

òã
= Rank

Åï
m1 − 1 w−10 X>w0

0 m2 − 1

òã
we have,

dim(ker

Åï
m2
> − 1 w−10 Xw0

0 m1
> − 1

òã
= dim(ker

Åï
m1 − 1 w−10 X>w0

0 m2 − 1

òã
.

Hence,

Θθ

ï
m2
> w−10 Xw0

0 m1
>

ò
= Θθ

ï
m1 w−10 X>w0

0 m2

ò
and the result follows. �

Remark 5.4. We have used the fact that Rank(M) = Rank(M>) and Rank(NMP ) =
Rank(M) if N and P are invertible matrices.

Let m = (m1,m2) ∈ M1 ×M2 = HA. Suppose also that m1,m2 are unipotent.

To calculate ΘN,ψA(m), we need to compute Θθ(h), where h =

ï
m1 X
0 m2

ò
. Using

Theorem 2.2, it suffices to compute dim Ker(h − 1). We note that the following
proposition is valid even when HA is a subgroup of GL(2n, F ).

Proposition 5.5. Let h =

ï
m1 X
0 m2

ò
∈ GL(2n, F ), where (m1,m2) ∈ HA. Sup-

pose that m1 and m2 are also unipotent. Let W ′ = Ker(m2 − 1). Then, we have

dim Ker(h−1) = dim Ker(m1−1)+dim Ker(m2−1)−dim(XW ′)+dim{XW ′∩Im(m1−1)}.

Proof. Let V be an n-dimensional vector space over F and let m1,m2, X be lin-
ear operators on V . Suppose that {e1, . . . , em} is a basis for Ker(m1 − 1) and
{f1, . . . , fk} is a basis for Ker(m2 − 1). Extending the basis of Ker(m1 − 1) and
Ker(m2 − 1) we get ordered bases β = {e1, . . . , en} and β′ = {f1, . . . , fn} of V .

Consider the ordered basis β̃ = {(e1, 0), . . . , (en, 0), (0, f1), . . . , (0, fn)} of V ⊕ V .
We let h to be the linear operator on V ⊕ V defined as follows. For 1 ≤ i, j ≤ n,

h((ei, 0)) = (m1, 0)(ei, 0) = (m1(ei), 0)

and
h((0, fj)) = (X,m2)(0, fj) = (X(fj),m2(fj)).
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Then,

[h]β̃ =

ï
[m1]β [X]β′

0 [m2]β′

ò
where

[X]β′ = [X1 X2 · · · Xn].

Let

W1 = Span{(m1 − 1, 0)(em+1, 0), . . . , (m1 − 1, 0)(en, 0)} = Im(m1 − 1),

W2 = Span{(X,m2 − 1)(0, f1), . . . , (X,m2 − 1)(0, fk)} = XW ′

and

W3 = Span{(Xfk+1, (m2 − 1)fk+1), . . . , (Xfn, (m2 − 1)fn).

Clearly,

Im(h− 1) = W1 +W2 +W3.

It is easy to see that

W2 ∩W3 = {0} = W1 ∩W3.

Since dim(Ker(m2 − 1)) = k, we have that

dim(W3) = dim(Im(m2 − 1)).

Therefore,

dim(Im(h−1)) = dim(Im(m1−1))+dim(Im(m2−1))+dim(XW ′)−dim(XW ′∩Im(m1−1)).

Hence the result. �

Remark 5.6. Let h be as in Proposition 5.5. We note that

XW ′ = Span{X1, X2, . . . , Xk}.
We will continue to use this in our character calculations at several instances to
follow.

Let m =

ï
m1 0
0 m2

ò
∈ HA, where m1 ∈ M1, m2 ∈ M2. Throughout we write

W
′

= Ker(m2 − 1). For X ∈ M(3, F ), we let h =

ï
m1 X
0 m2

ò
. For β ∈ F , we define

S(β) = {X ∈M(3, F ) | Tr(Am1
−1X) = Tr(AX) = β}.

Let

E =
⋃
i≤j

i,j∈{1,2,4}

T (i, j).

We call E to be the fundamental set. To determine ΘN,ψA(m) for m ∈ T (i, j), it is
enough to compute ΘN,ψA(m) for m ∈ E.

Theorem 5.7. Let m ∈ T (1, 1). Then, we have

ΘN,ψA(m) = (1− q)2.

Proof. We have

ΘN,ψA(m) =
1

|N |
∑

X∈M(3,F )

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X).

Note that dim Ker(m1 − 1) = 2, Im(m1 − 1) = Span {e1} and Ker(m2 − 1) =
Span {e1, e2}. To calculate the character value, we write

ΘN,ψA(m) =
1

q9
(A1 +A2)
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where

A1 =
∑

X∈S(0)

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X)

and

A2 =
∑
β∈F×

∑
X∈S(β)

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X).

For simplicity, we let t = dim(Ker(h − 1)). To compute A1, we find a partition
of S(0) according to the value of t and compute the respective cardinalities. We
record the details in the table below.

Table 9. A1

Partition of S(0) dim(XW ′) dim(XW ′ ∩ Im(m1 − 1)) t = dim(Ker(h− 1)) Cardinality

1)(a)


0 0 e
0 0 f
0 0 l

 0 0 4 q3

1)(b)


0 0 e
0 0 f
0 k l

 ∣∣∣∣∣∣ k ∈ F×
 1 0 3 (q − 1)q3

2)(a)


a b e
c d f
0 0 l

 ∣∣∣∣∣∣ ad− bc 6= 0

 2 1 3 (q2 − 1)(q − 1)q4

2)(b)


a b e
c d f
0 k l

 ∣∣∣∣∣∣ c, k ∈ F×, ad− bc 6= 0

 2 0 2 (q − 1)3q5

2)(c)


a b e
0 d f
0 k l

 ∣∣∣∣∣∣ k ∈ F×, ad 6= 0

 2 1 3 (q − 1)3q4

3)(a)


a γa e
c γc f
0 0 l

 ∣∣∣∣∣∣ c ∈ F×, γ ∈ F
 1 0 3 (q − 1)q5

3)(b)


a γa e
0 0 f
0 0 l

 ∣∣∣∣∣∣ a ∈ F×, γ ∈ F
 1 1 4 (q − 1)q4

3)(c)


a γa e
c γc f
0 k l

 ∣∣∣∣∣∣ c, k ∈ F×, γ ∈ F
 2 0 2 (q − 1)2q5

3)(d)


a γa e
0 0 f
0 k l

 ∣∣∣∣∣∣ k ∈ F×, γ ∈ F
 2 1 3 (q − 1)2q4

4)(a)


0 b e
0 d f
0 0 l

 ∣∣∣∣∣∣ d ∈ F×
 1 0 3 (q − 1)q4

4)(b)


0 b e
0 0 f
0 0 l

 ∣∣∣∣∣∣ b ∈ F×
 1 1 4 (q − 1)q3

4)(c)


0 b e
0 d f
0 k l

 ∣∣∣∣∣∣ k ∈ F×
 1 0 3 (q2 − 1)(q − 1)q3

Hence,
A1 = K1 +K2 +K3

where

a) K1 =
∑

X∈S(0)
t=4

Θθ

Åï
m1 X
0 m2

òã
ψA(m1

−1X) = −q5(1− q)(1− q2)(1− q3).
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b) K2 =
∑

X∈S(0)
t=3

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X) = −q5(2q + 1)(q − 1)2(q2 − 1).

c) K3 =
∑

X∈S(0)
t=2

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X) = q6(q − 1)3.

It follows that

A1 =
∑

X∈S(0)

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X) = q8(q − 1)3. (5.1)

Proceeding in a similar way, we find a partition of S(β) to compute A2. We record
the details in the table below.

Table 10. A2
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Partition of S(β) dim(XW ′) dim(XW ′ ∩ Im(m1 − 1)) t = dim(Ker(h− 1)) Cardinality

1)(a)


0 0 e
0 0 f
β 0 l

 1 0 3 q3

1)(b)


0 0 e
0 0 f
β k l

 ∣∣∣∣∣∣ k ∈ F×
 1 0 3 (q − 1)q3

2)(a)


a b e
c d f
β 0 l

 ∣∣∣∣∣∣ d ∈ F×, ad− bc 6= 0

 2 0 2 (q − 1)2q5

2)(b)


a b e
c 0 f
β 0 l

 ∣∣∣∣∣∣ bc 6= 0

 2 1 3 (q − 1)2q4

2)(c)


a b e
0 d f
β k l

 ∣∣∣∣∣∣ k ∈ F×, ad 6= 0

 2 0 2 (q − 1)2(q2 − q)q3

2)(d)


a b e
c 0 f
β k l

 ∣∣∣∣∣∣ k ∈ F×, bc 6= 0

 2 0 2 (q − 1)2(q2 − q)q3

2)(d)


a b e
c d f
β k l

 ∣∣∣∣∣∣ c, d, k ∈ F×, ad− bc 6= 0, d = β−1ck

 2 1 3 (q − 1)2(q2 − q)q3

2)(e)


a b e
c d f
β k l

 ∣∣∣∣∣∣ c, d, k ∈ F×, ad− bc 6= 0, d 6= β−1ck

 2 0 2 (q − 1)3(q − 2)q4

3)(a)


a γa e
c γc f
β 0 l

 ∣∣∣∣∣∣ c, γ ∈ F×
 2 0 2 (q − 1)2q4

3)(b)


a γa e
0 0 f
β 0 l

 ∣∣∣∣∣∣ a, γ ∈ F×
 2 1 3 (q − 1)2q3

3)(c)


a 0 e
c 0 f
β 0 l

 ∣∣∣∣∣∣ (a, c) 6= 0

 1 0 3 (q2 − 1)q3

3)(d)


a γa e
c γc f
β k l

 ∣∣∣∣∣∣ γ ∈ F×, k = γβ

 1 0 3 (q2 − 1)(q − 1)q3

3)(e)


a 0 e
c 0 f
β k l

 ∣∣∣∣∣∣ k, c ∈ F×
 2 0 2 (q − 1)2q4

3)(f)


a 0 e
0 0 f
β k l

 ∣∣∣∣∣∣ k ∈ F×
 2 1 3 (q − 1)2q3

3)(g)


a γa e
c γc f
β k l

 ∣∣∣∣∣∣ c, k, γ ∈ F×, k 6= γβ

 2 0 2 (q − 1)2(q − 2)q4

3)(h)


a γa e
0 0 f
β k l

 ∣∣∣∣∣∣ a, k, γ ∈ F×, k 6= γβ

 2 1 3 (q − 1)2(q − 2)q3

4)(a)


0 b e
0 d f
β k l

 ∣∣∣∣∣∣ d ∈ F×
 2 0 2 (q − 1)q5

4)(b)


0 b e
0 0 f
β k l

 ∣∣∣∣∣∣ b ∈ F×
 2 1 3 (q − 1)q4

Hence,

A2 = K4 +K5

a) K4 =
∑
β∈F×

∑
X∈S(β)
t=3

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X) = q7(q − 1)(q2 − 1).
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b) K5 =
∑
β∈F×

∑
X∈S(β)
t=2

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X) = −q7(q − 1)2.

It follows that

A2 =
∑
β∈F×

∑
X∈S(β)

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X) = q8(q − 1)2. (5.2)

From (5.1) and (5.2), it follows that

ΘN,ψA(m) = (1− q)2.

�

Theorem 5.8. Let m ∈ T (1, 2). Then, we have

ΘN,ψA(m) = (1− q).

Proof. We have

ΘN,ψA(m) =
1

|N |
∑

X∈M(3,F )

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X).

Note that dim Ker(m1 − 1) = 2, Im(m1 − 1) = Span {e1} and Ker(m2 − 1) =
Span {e1}. To calculate the character value, we write

ΘN,ψA(m) =
1

q9
(B1 +B2)

where

B1 =
∑

X∈S(0)

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X)

and

B2 =
∑
β∈F×

∑
X∈S(β)

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X).

For simplicity, we let t = dim(Ker(h − 1)). To compute B1, we find a partition
of S(0) according to the value of t and compute the respective cardinalities. We
record the details in the table below.

Table 11. B1

Partition of S(0) dim(XW ′) dim(XW ′ ∩ Im(m1 − 1)) t = dim(Ker(h− 1)) Cardinality

1)


0 b e
0 d f
0 k l

 0 0 3 q6

2)(a)


a b e
c d f
0 k l

 ∣∣∣∣∣∣ c ∈ F×
 1 0 2 (q − 1)q7

2)(b)


a b e
0 d f
0 k l

 ∣∣∣∣∣∣ a ∈ F×
 1 1 3 (q − 1)q6

Hence,

B1 = K1 +K2

where
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a) K1 =
∑

X∈S(0)
t=3

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X) = −q7(1− q)(1− q2).

b) K2 =
∑

X∈S(0)
t=2

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X) = q7(1− q)2.

It follows that

B1 =
∑

X∈S(0)

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X) = −q8(q − 1)2. (5.3)

Proceeding in a similar way, we find a partition of S(β) to compute B2. We record
the details in the table below.

Table 12. B2

Partition of S(β) dim(XW ′) dim(XW ′ ∩ Im(m1 − 1)) t = dim(Ker(h− 1)) Cardinality

1)


a b e
c d f
β k l

 1 0 2 q8

Hence,

B2 =
∑
β∈F×

∑
X∈S(β)
t=2

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X) = q8(1− q). (5.4)

From (5.3) and (5.4), it follows that

ΘN,ψA(m) = (1− q).

�

Theorem 5.9. Let m ∈ T (4, 1). Then, we have

ΘN,ψA(m) = (1− q)2(1− q2).

Proof. We have

ΘN,ψA(m) =
1

|N |
∑

X∈M(3,F )

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X).

Note that dim Ker(m1−1) = 3, Im(m1−1) = {0} and Ker(m2−1) = Span {e1, e2}.
To calculate the character value, we write

ΘN,ψA(m) =
1

q9
(C1 + C2)

where we have

C1 =
∑

X∈S(0)

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X)

and

C2 =
∑
β∈F×

∑
X∈S(β)

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X).

For simplicity, we let t = dim(Ker(h − 1)). To compute C1, we find a partition
of S(0) according to the value of t and compute the respective cardinalities. We
record the details in the following table.
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Table 13. C1

Partition of S(0) dim(XW ′) dim(XW ′ ∩ Im(m1 − 1)) t = dim(Ker(h− 1)) Cardinality

1)(a)


0 0 e
0 0 f
0 0 l

 0 0 5 q3

1)(b)


0 0 e
0 0 f
0 k l

 ∣∣∣∣∣∣ k ∈ F×
 1 0 4 (q − 1)q3

2)(a)


a b e
c d f
0 0 l

 ∣∣∣∣∣∣ ad− bc 6= 0

 2 0 3 (q2 − 1)(q2 − q)q3

2)(b)


a b e
c d f
0 k l

 ∣∣∣∣∣∣ k ∈ F×, ad− bc 6= 0

 2 0 3 (q2 − 1)(q − 1)2q4

3)(a)


a γa e
c γc f
0 0 l

 ∣∣∣∣∣∣ γ ∈ F
 1 0 4 (q2 − 1)q4

3)(b)


a γa e
c γc f
0 k l

 ∣∣∣∣∣∣ k ∈ F×, γ ∈ F
 2 0 3 (q2 − 1)(q − 1)q4

4)(a)


0 b e
0 d f
0 0 l

 1 0 4 (q2 − 1)q3

4)(b)


0 b e
0 d f
0 k l

 ∣∣∣∣∣∣ k ∈ F×
 1 0 4 (q2 − 1)(q − 1)q3

Hence,

C1 = K1 +K2 +K3

where

a) K1 =
∑

X∈S(0)
t=5

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X) = −q3(1−q)(1−q2)(1−q3)(1−q4).

b) K2 =
∑

X∈S(0)
t=4

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X) = q3(1− q)2(1− q2)(1− q3)(2q2 +

2q + 1).

c) K3 =
∑

X∈S(0)
t=3

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X) = −q4(q2 − 1)2(1− q)(1− q2).

It follows that

C1 =
∑

X∈S(0)

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X) = −q8(1− q)3(1− q2). (5.5)

Proceeding in a similar way, we find a partition of S(β) to compute C2. We record
the details in the table below.

Table 14. C2
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Partition of S(β) dim(XW ′) dim(XW ′ ∩ Im(m1 − 1)) t = dim(Ker(h− 1)) Cardinality

1)(a)


0 0 e
0 0 f
β 0 l

 1 0 4 q3

1)(b)


0 0 e
0 0 f
β k l

 ∣∣∣∣∣∣ k ∈ F×
 1 0 4 (q − 1)q3

2)(a)


a b e
c d f
β 0 l

 ∣∣∣∣∣∣ ad− bc 6= 0

 2 0 3 (q2 − 1)(q2 − q)q3

2)(b)


a b e
c d f
β k l

 ∣∣∣∣∣∣ k ∈ F×, ad− bc 6= 0

 2 0 3 (q2 − 1)(q − 1)2q4

3)(a)


a γa e
c γc f
β 0 l

 ∣∣∣∣∣∣ γ ∈ F×
 2 0 3 (q2 − 1)(q − 1)q3

3)(b)


a 0 e
c 0 f
β 0 l

 ∣∣∣∣∣∣ (a, c) 6= 0

 1 0 4 (q2 − 1)q3

3)(c)


a 0 e
c 0 f
β k l

 ∣∣∣∣∣∣ (a, c) 6= 0, k ∈ F×
 2 0 3 (q2 − 1)(q − 1)q3

3)(d)


a γa e
c γc f
β k l

 ∣∣∣∣∣∣ γ ∈ F×, k = γβ

 1 0 4 (q2 − 1)(q − 1)q3

3)(e)


a γa e
c γc f
β k l

 ∣∣∣∣∣∣ k, γ ∈ F×, k 6= γβ

 2 0 3 (q2 − 1)(q − 1)(q − 2)q3

4)(a)


0 b e
0 d f
β 0 l

 ∣∣∣∣∣∣ (b, d) 6= 0

 2 0 3 (q2 − 1)q3

4)(b)


0 b e
0 d f
β k l

 ∣∣∣∣∣∣ (b, d) 6= 0, k ∈ F×
 2 0 3 (q2 − 1)(q − 1)q3

We have

C2 = K4 +K5

where

a) K4 =
∑
β∈F×

∑
X∈S(β)
t=4

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X) = q6(1− q)(1− q2)(1− q3).

b) K5 =
∑
β∈F×

∑
X∈S(β)
t=3

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X) = −q6(1− q)(1− q2)2.

It follows that

C2 =
∑
β∈F×

∑
X∈S(β)

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X) = q8(1− q)2(1− q2). (5.6)

From (5.5) and (5.6), we have

ΘN,ψA(m) = (1− q2)(1− q)2.

�

Remark 5.10. Let m ∈ T (1, 4). Since

ΘN,ψA(m) = ΘN,ψA(m′)
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for some m′ ∈ T (4, 1), it is enough to compute ΘN,ψA(m′) for m′ ∈ T (4, 1) to
obtain the character value ΘN,ψA(m).

Theorem 5.11. Let m ∈ T (2, 2). Then, we have

ΘN,ψA(m) = 1.

Proof. We have

ΘN,ψA(m) =
1

|N |
∑

X∈M(3,F )

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X).

Note that dim Ker(m1 − 1) = 1, Im(m1 − 1) = Span {e1, e2} and Ker(m2 − 1) =
Span {e1}. To calculate the character value, we write

ΘN,ψA(m) =
1

q9
(D1 +D2)

where

D1 =
∑

X∈S(0)

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X)

and

D2 =
∑
β∈F×

∑
X∈S(β)

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X).

Let t = dim(Ker(h− 1)). To compute D1 we find a partition of S(0) according to
the value of t and compute the respective cardinalities. We record the details in
the table below.

Table 15. D1

Partition of S(0) dim(XW ′) dim(XW ′ ∩ Im(m1 − 1)) t = dim(Ker(h− 1)) Cardinality

1)(a)


a b e
c d f
0 k l

 | (a, c) 6= 0

 1 1 2 (q2 − 1)q6

1)(b)


0 b e
0 d f
0 k l

 0 0 2 q6

Hence,

D1 =
∑

X∈S(0)
t=2

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X) = −q8(1− q). (5.7)

Proceeding in a similar way, we find a partition of S(β) to compute D2. We record
the details in the following table.

Table 16. D2

Partition of S(β) dim(XW ′) dim(XW ′ ∩ Im(m1 − 1)) t = dim(Ker(h− 1)) Cardinality

1)


a b e
c d f
β k l

 1 0 1 q8

25



Thus, we have

D2 =
∑
β∈F×

∑
X∈S(β)
t=1

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X) = q8. (5.8)

From (5.7) and (5.8), it follows that

ΘN,ψA(m) = 1.

�

Theorem 5.12. Let m ∈ T (4, 2). Then, we have

ΘN,ψA(m) = (1− q)(1− q2).

Proof. We have

ΘN,ψA(m) =
1

|N |
∑

X∈M(3,F )

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X).

Note that dim Ker(m1 − 1) = 3, Im(m1 − 1) = {0} and Ker(m2 − 1) = Span{e1}.
To calculate the character value, we write

ΘN,ψA(m) =
1

q9
(H1 +H2)

where

H1 =
∑

X∈S(0)

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X)

and

H2 =
∑
β∈F×

∑
X∈S(β)

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X).

Let t = dim(Ker(h− 1)). To compute H1, we find a partition of S(0) according to
the value of t and compute the respective cardinalities. We record the details in
the table below.

Table 17. H1

Partition of S(0) dim(XW ′) dim(XW ′ ∩ Im(m1 − 1)) t = dim(Ker(h− 1)) Cardinality

1)(a)


a b e
c d f
0 k l

 ∣∣∣∣∣∣ (a, c) 6= 0

 1 0 3 (q2 − 1)q6

1)(b)


0 b e
0 d f
0 k l

 0 0 4 q6

Hence,

H1 = K1 +K2

where

a) K1 =
∑

X∈S(0)
t=4

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X) = −q6(1− q)(1− q2)(1− q3).

b) K2 =
∑

X∈S(0)
t=3

Θθ

ï
m1 X
0 m2

ò
ψA(m1

−1X) = q6(1− q)(1− q2)2.
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It follows that

H1 =
∑

X∈S(0)

Θθ

Å
m1 X
0 m2

ã
ψA(m1

−1X) = −q8(1− q)2(1− q2). (5.9)

Proceeding in a similar way, we find a partition of S(β) to compute H2. We record
the details in the following table.

Table 18. H2

Partition of S(β) dim(XW ′) dim(XW ′ ∩ Im(m1 − 1)) t = dim(Ker(h− 1)) Cardinality

1)


a b e
c d f
β k l

 1 0 3 q8

Thus, we have

H2 =
∑
β∈F×

∑
X∈S(β)
t=3

Θ

ï
m1 X
0 m2

ò
ψA(m1

−1X) = q8(1− q)(1− q2). (5.10)

From (5.9) and (5.10), it follows that

ΘN,ψA = (1− q)(1− q2).

�

Remark 5.13. Let m ∈ T (2, 4). Since

ΘN,ψA(m) = ΘN,ψA(m′)

for some m′ ∈ T (4, 2), it is enough to compute ΘN,ψA(m′) for m′ ∈ T (4, 2) to
obtain ΘN,ψA(m).

Theorem 5.14. Let m ∈ T (4, 4). Then, we have

ΘN,ψA(m) = (1− q)2(1− q2)2.

Proof. Since m ∈ T (4, 4), we have m = 1, and the result follows from Theorem 3.3.
To be precise, we have

ΘN,ψA(m) = dimC(πN,ψA) = (1− q)2(1− q2)2.

�

Theorem 5.15. Let 1 ≤ i ≤ 10. Suppose that m =

ï
m1 0
0 m2

ò
∈ T (i, 5) and

m′ =

ï
m1 0
0 m′2

ò
∈ T (i, 1). Then, we have

ΘN,ψA(m) = ΘN,ψA(m′).

Proof. Let h =

ï
m1 X
0 m2

ò
and h′ =

ï
m1 X
0 m′2

ò
for X ∈ M(3, F ). Let

Md,β
m1,m2

= {X ∈ S(β) | dim(Ker(h− 1)) = d}

for β ∈ F . Clearly,

Ker(m2 − 1) = Ker(m′2 − 1).

Hence for any X ∈ M(3, F ),

X Ker(m2 − 1) = X Ker(m′2 − 1)
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and

X Ker(m2 − 1) ∩ Im(m1 − 1) = X Ker(m′2 − 1) ∩ Im(m1 − 1).

In particular, for any β ∈ F , we have that

Md,β
m1,m2

= Md,β
m1,m′2

. (5.11)

We have,

ΘN,ψA(m) =
1

q9
(R1 +R2)

where

R1 =

6∑
d=1

∑
X∈Md,0

m1,m2

Θθ(h)ψA(m1
−1X)

=

6∑
d=1

(−1)6−1(1− q) · · · (1− qd−1)(#Md,0
m1,m2

)ψ0(0)

and

R2 =
∑
β∈F×

6∑
d=1

∑
X∈Md,β

m1,m2

Θθ(h)ψA(m1
−1X)

=
∑
β∈F×

6∑
d=1

(−1)6−1(1− q) · · · (1− qd−1)(#Md,β
m1,m2

)ψ0(β)

Thus,

ΘN,ψA(m) =
1

q9

6∑
d=1

(−1)6−1(1−q) · · · (1−qd−1)(#Md,0
m1,m2

+
∑
β∈F×

#Md,β
m1,m2

ψ0(β)).

Similarly,

ΘN,ψA(m′) =
1

q9

6∑
d=1

(−1)6−1(1−q) · · · (1−qd−1)(#Md,0
m1,m′2

+
∑
β∈F×

#Md,β
m1,m′2

ψ0(β)).

Hence, it follows from equation (5.12) that

ΘN,ψA(m) = ΘN,ψA(m′).

�

Proposition 5.16. Let 1 ≤ i ≤ 10 and m ∈ T (i, 3). Then, there exists some
m′ ∈ T (i, 5) such that

ΘN,ψA(m) = ΘN,ψA(m′).

Proof. Let m =

ï
m1 0
0 m2

ò
∈ T (i, 3), and w =

1 0 0
0 0 1
0 1 0

. Let m′2 = wm2w
−1

and m′ =

ï
m1 0
0 m′2

ò
. Clearly, we have m =

ï
1 0
0 w

ò
m′
ï
1 0
0 w

ò−1
and m

′ ∈ T (i, 5).

Hence the result. �

Corollary 5.17. Let 1 ≤ i ≤ 10 and m ∈ T (i, 3). Then,

ΘN,ψA(m) = ΘN,ψA(m′)

for some m′ ∈ T (i, 1).

Proof. Using Proposition 5.16 and Theorem 5.15, the result follows. �
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Proposition 5.18. Let 1 ≤ i ≤ 10 and m ∈ T (i, 7). Then, there exists some
m′ ∈ T (i, 1) such that

ΘN,ψA(m) = ΘN,ψA(m′).

Proof. Let m =

ï
m1 0
0 m2

ò
∈ T (i, 7), and w =

1 0 0
0 0 1
0 1 0

. Let m′2 = wm2w
−1

and m′ =

ï
m1 0
0 m′2

ò
. Clearly, we have m =

ï
1 0
0 w

ò
m′
ï
1 0
0 w

ò−1
and m

′ ∈ T (i, 1).

Hence the result. �

Proposition 5.19. Let 1 ≤ i ≤ 10 and m ∈ T (i, 8). Then, there exists some
m′ ∈ T (i, 2) such that

ΘN,ψA(m) = ΘN,ψA(m′).

Proof. Let m =

ï
m1 0
0 m2

ò
∈ T (i, 8), and w =

1 0 0
0 0 1
0 1 0

. Let m′2 = wm2w
−1

and m′ =

ï
m1 0
0 m′2

ò
. Clearly, we have m =

ï
1 0
0 w

ò
m′
ï
1 0
0 w

ò−1
and m

′ ∈ T (i, 2).

Hence the result. �

Theorem 5.20. Let m =

ï
m1 0
0 m2

ò
∈ T (1, 6) or T (1, 9). Then, we have

ΘN,ψA(m) = (1− q)2.

Proof. Note that dim Ker(m1−1) = 2, Im(m1−1) = Span{e1}, dim Ker(m2−1) =
2. From Remark 5.6, it follows that whenever

h =

ï
m1 X
0 m2

ò
,

we have

XW ′ = Span{X1, X2}.
Thus, proceeding in a similar fashion as in Theorem 5.7, we get that

ΘN,ψA(m) = (1− q)2.
�

Theorem 5.21. Let m =

ï
m1 0
0 m2

ò
∈ T (2, 6) or T (2, 9). Then, we have

ΘN,ψA(m) = (1− q).

Proof. Note that dim Ker(m1−1) = 1, Im(m1−1) = {e1, e2}, dim Ker(m2−1) = 2.
From Remark 5.6, it follows that whenever

h =

ï
m1 X
0 m2

ò
,

we have

XW ′ = Span{X1, X2}.
Thus, the computations are similar to the case where m ∈ T (2, 1). The result
follows from Theorem 5.3 and Theorem 5.8. �

Theorem 5.22. Let m =

ï
m1 0
0 m2

ò
∈ T (4, 6) or T (4, 9). Then, we have

ΘN,ψA(m) = (1− q)2(1− q2).
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Proof. Note that dim Ker(m1 − 1) = 3, Im(m1 − 1) = {0}, dim Ker(m2 − 1) = 2.
From Remark 5.6, it follows that whenever

h =

ï
m1 X
0 m2

ò
,

we have

XW ′ = Span{X1, X2}.
Thus, proceeding in a similar fashion as in Theorem 5.9, we get that

ΘN,ψA(m) = (1− q)2(1− q2).

�

Theorem 5.23. Let m =

ï
m1 0
0 m2

ò
∈ T (6, 6) or T (6, 9). Then, we have

ΘN,ψA(m) = (1− q)2.

Proof. Note that dim Ker(m1 − 1) = 2, dim Ker(m2 − 1) = 2, Im(m1 − 1) =
Span{ηe1 +e2} for η ∈ F×. From Remark 5.6, it follows that computing ΘN,ψA(m)
form ∈ T (6, 6) orm ∈ T (6, 9) is the same as computing ΘN,ψA(m′) form′ ∈ T (6, 1).
Using Theorem 5.3 and Theorem 5.20, it follows that

ΘN,ψA(m) = (1− q)2.

�

Theorem 5.24. Let m =

ï
m1 0
0 m2

ò
∈ T (9, 9). Then, we have

ΘN,ψA(m) = (1− q)2.

Proof. The proof is similar to Theorem 5.23. �

Theorem 5.25. Let 1 ≤ i ≤ 10. Suppose m =

ï
m1 0
0 m2

ò
∈ T (i, 10) and m′ =ï

m1 0
0 m′2

ò
∈ T (i, 2). Then, we have

ΘN,ψA(m) = ΘN,ψA(m′).

Proof. Let h =

ï
m1 X
0 m2

ò
and h′ =

ï
m1 X
0 m′2

ò
for X ∈ M(3, F ). Let

Md,β
m1,m2

= {X ∈ S(β) | dim(Ker(h− 1)) = d}

for β ∈ F . Clearly,

Ker(m2 − 1) = Ker(m′2 − 1).

Hence for any X ∈ M(3, F ),

X Ker(m2 − 1) = X Ker(m′2 − 1)

and

X Ker(m2 − 1) ∩ Im(m1 − 1) = X Ker(m′2 − 1) ∩ Im(m1 − 1).

In particular, for any β ∈ F , we have that

Md,β
m1,m2

= Md,β
m1,m′2

. (5.12)

Therefore,

ΘN,ψA(m) =
1

q9
(R1 +R2)
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where

R1 =

6∑
d=1

∑
X∈Md,0

m1,m2

Θθ(h)ψA(m1
−1X)

=

6∑
d=1

(−1)6−1(1− q) · · · (1− qd−1)(#Md,0
m1,m2

)ψ0(0)

and

R2 =
∑
β∈F×

6∑
d=1

∑
X∈Md,β

m1,m2

Θθ(h)ψA(m1
−1X)

=
∑
β∈F×

6∑
d=1

(−1)6−1(1− q) · · · (1− qd−1)(#Md,β
m1,m2

ψ0(β))

Thus,

ΘN,ψA(m) =
1

q9

6∑
d=1

(−1)6−1(1−q) · · · (1−qd−1)(#Md,0
m1,m2

+
∑
β∈F×

(#Md,β
m1,m2

)ψ0(β)).

Similarly,

ΘN,ψA(m′) =
1

q9

6∑
d=1

(−1)6−1(1−q) · · · (1−qd−1)(#Md,0
m1,m′2

+
∑
β∈F×

#(Md,β
m1,m′2

)ψ0(β)).

Hence, it follows from equation 5.12 that

ΘN,ψA(m) = ΘN,ψA(m′).

�

Remark 5.26. Let 1 ≤ i ≤ j ≤ 10. To determine ΘN,ψA(m) for m ∈ T (i, j), it is
enough to compute ΘN,ψA(m) for m ∈ E. We illustrate this by an example.

Suppose that we want to compute the character value ΘN,ψA(m) for m ∈ T (3, 7).
From Proposition 5.18, it follows that ΘN,ψA(m) = ΘN,ψA(k) for some k ∈ T (3, 1).
By Theorem 5.3, we have ΘN,ψA(k) = ΘN,ψA(x) for some x ∈ T (1, 3). Using
Theorem 5.16, we have, ΘN,ψA(x) = ΘN,ψA(y) for some y ∈ T (1, 1). Thus, using
Theorem 5.7 we have

ΘN,ψA(m) = (1− q)2.
For clarity, we represent the chain of computations used to determine the character
value of an element in T (i, j) to the character value of an element in the fundamental
set E in the following way.

(3, 7)→ (3, 1)→ (1, 3)→ (1, 1).

The table below summarizes the sequence of computations used to calculate
ΘN,ψA(m) for m ∈ T (i, j), i ≤ j.
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T
a
b
l
e
1
9
.

S
eq

u
en

ce
o
f

co
m

p
u

ta
ti

o
n

s
fo

r
Θ
N
,ψ
A

(m
)

T
y
p
e
-1

T
y
p
e
-2

T
y
p
e
-3

T
y
p
e
-4

T
y
p
e
-5

T
y
p
e
-6

T
y
p
e
-7

T
y
p
e
-8

T
y
p
e
-9

T
y
p
e
-1
0

T
y
p
e
-1

(1
,
1
)

(1
,
2
)

(1
,
3
)
→

(1
,
1
)

(1
,
4
)

(1
,
5
)
→

(1
,
1
)

(1
,
6
)
→

(1
,
1
)

(1
,
7
)
→

(1
,
1
)

(1
,
8
)
→

(1
,
2
)

(1
,
9
)
→

(1
,
1
)

(1
,
1
0
)
→

(1
,
2
)

T
y
p
e
-2

-
(2
,
2
)

(2
,
3
)
→

(2
,
1
)
→

(1
,
2
)

(2
,
4
)

(2
,
5
)
→

(2
,
1
)
→

(1
,
2
)

(2
,
6
)
→

(2
,
1
)
→

(1
,
2
)

(2
,
7
)
→

(2
,
1
)
→

(1
,
2
)

(2
,
8
)
→

(2
,
2
)

(2
,
9
)
→

(2
,
1
)
→

(1
,
2
)

(2
,
1
0
)
→

(2
,
2
)

T
y
p
e
-3

-
-

(3
,
3
)
→

(3
,
1
)
→

(1
,
3
)
→

(1
,
1
)

(4
,
3
)
→

(4
,
1
)
→

(1
,
4
)

(3
,
5
)
→

(3
,
1
)
→

(1
,
3
)
→

(1
,
1
)

(3
,
6
)
→

(6
,
3
)
→

(6
,
1
)
→

(1
,
6
)
→

(1
,
1
)

(3
,
7
)
→

(3
,
1
)
→

(1
,
3
)
→

(1
,
1
)

(3
,
8
)
→

(3
,
2
)
→

(2
,
3
)
→

(2
,
1
)
→

(1
,
2
)

(3
,
9
)
→

(9
,
3
)
→

(9
,
1
)
→

(1
,
9
)
→

(1
,
1
)

(3
,
1
0
)
→

(3
,
2
)
→

(2
,
3
)
→

(2
,
1
)
→

(1
,
2
)

T
y
p
e
-4

-
-

-
(4
,
4
)

(4
,
5
)
→

(4
,
1
)
→

(1
,
4
)

(4
,
6
)
→

(4
,
1
)
→

(1
,
4
)

(4
,
7
)
→

(4
,
1
)
→

(1
,
4
)

(4
,
8
)
→

(4
,
2
)
→

(2
,
4
)

(4
,
9
)
→

(4
,
1
)
→

(1
,
4
)

(4
,
1
0
)
→

(4
,
2
)
→

(2
,
4
)

T
y
p
e
-5

-
-

-
-

(5
,
5
)
→

(5
,
1
)
→

(1
,
5
)
→

(1
,
1
)

(5
,
6
)
→

(6
,
5
)
→

(6
,
1
)
→

(1
,
6
)
→

(1
,
1
)

(5
,
7
)
→

(5
,
1
)
→

(1
,
5
)
→

(1
,
1
)

(5
,
8
)
→

(5
,
2
)
→

(2
,
5
)
→

(2
,
1
)
→

(1
,
2
)

(5
,
9
)
→

(9
,
5
)
→

(9
,
1
)
→

(1
,
9
)
→

(1
,
1
)

(5
,
1
0
)
→

(5
,
2
)
→

(2
,
5
)
→

(2
,
1
)
→

(1
,
2
)

T
y
p
e
-6

-
-

-
-

-
(6
,
6
)
→

(6
,
1
)
→

(1
,
6
)
→

(1
,
1
)

(6
,
7
)
→

(6
,
1
)
→

(1
,
6
)
→

(1
,
1
)

(6
,
8
)
→

(6
,
2
)
→

(2
,
6
)
→

(2
,
1
)
→

(1
,
2
)

(6
,
9
)
→

(6
,
1
)
→

(1
,
6
)
→

(1
,
1
)

(6
,
1
0
)
→

(6
,
2
)
→

(2
,
6
)
→

(2
,
1
)
→

(1
,
2
)

T
y
p
e
-7

-
-

-
-

-
-

(7
,
7
)
→

(7
,
1
)
→

(1
,
7
)
→

(1
,
1
)

(7
,
8
)
→

(7
,
2
)
→

(2
,
7
)
→

(2
,
1
)
→

(1
,
2
)

(7
,
9
)
→

(9
,
7
)
→

(9
,
1
)
→

(1
,
9
)
→

(1
,
1
)

(7
,
1
0
)
→

(7
,
2
)
→

(2
,
7
)
→

(2
,
1
)
→

(1
,
2
)

T
y
p
e
-8

-
-

-
-

-
-

-
(8
,
8
)
→

(8
,
2
)
→

(2
,
8
)
→

(2
,
2
)

(8
,
9
)
→

(9
,
8
)
→

(9
,
2
)
→

(2
,
9
)
→

(2
,
1
)
→

(1
,
2
)

(8
,
1
0
)
→

(8
,
2
)
→

(2
,
8
)
→

(2
,
2
)

T
y
p
e
-9

-
-

-
-

-
-

-
-

(9
,
9
)
→

(9
,
1
)
→

(1
,
9
)
→

(1
,
1
)

(9
,
1
0
)
→

(9
,
2
)
→

(2
,
9
)
→

(2
,
1
)
→

(1
,
2
)

T
y
p
e
-1
0

-
-

-
-

-
-

-
-

-
(1

0
,
1
0
)
→

(1
0
,
2
)
→

(2
,
1
0
)
→

(2
,
2
)
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